THE TOOTHPICK COMPANY PROBLEM

Bobo started work for the Acme Toothpick Company and was immediately promoted to vice president in charge of frames.  This was quite a surprise to Bobo since he had never heard of a toothpick frame.


Toothpick frames are rectangular grids made from toothpicks and connectors.  There are three types of connectors used to make toothpick frames.  A large part of Bobo's job is to make sure that there are enough L-connectors to connect two toothpicks at a corner,  X-connectors to connect four toothpicks at right angles, and T-connectors to connect any three toothpicks joined at right angles.  The diagram below shows a two by three frame with the types of connectors needed at each intersection.







An order came in for several 3 by 4 frames.  Bobo quickly sketched out the frame and determined that he would need 6 X-connectors, 4 L-connectors, 10 T-connectors, and 31 toothpicks for each frame.  But then another order was received for 4 by 7 frames.  It was immediately followed by an order for 5 by 8 frames, then 2 by 6, then 1 by 2,….  


"Stop!" Bobo yelled.  "This is madness.  We can't keep drawing sketches and figuring out what we need for each order individually.  We need a formula!"


Help Bobo by finding a formula for the number of connectors of each type and the number of toothpicks needed for any frame with width W and length L.  Show your drawings, a Victor chart, and an explanation of how you arrived at your formula.

For this frame, Bobo would need 2 X-connectors, 4 L-connectors, 6 T-connectors, and 17 toothpicks.











